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Abstract 

A method of constructing a canonical gauge invariant quantum formu- 
lation for a non-gauge classical theory depending on a set of parameters is 
advanced and then applied to the theory of closed bosonic string interacting 
with massive background fields. Choosing an ordering prescription and devel- 
oping a suitable regularization technique we calculate quantum guage algebra 
up to linear order in background fields. Requirement of closure for the algebra 
leads to equations of motion for massive background fields which appear to 
be consistent with the structure of string spectrum. 
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1 Introduction 



a— model approach still remains an important method of string theory investigation 
allowing one to derive string amplitudes as expectation values of corresponding 
vertex operators Jl| (see also the reviews 0). The main result received within this 
approach by means of perturbative path integral methods is that quantum conformal 
invariance condition leads to effective equations of motion for massless background 
fields. This condition appears as independence of quantum effective action on the 
conformal factor of two-dimensional metric or as vanishing of renormalized operator 
of the energy-momentum trace. 

It should be noted that according to the prescription M generally accepted in 
functional approaches to string theory dynamical variables are treated in different 
ways. Namely, functional integration is carried out only over string coordinates 
X^(r, a) while components of two-dimensional metric g a b{T, cr) are considered as ex- 
ternal fields. Then one demands the result of such an integration to be independent 
on the conformal factor and the integrand over g a b(j-, cr) reduces to finite dimen- 
sional integration over parameters specifying string world sheet topologies. This 
prescription differs from the standard field theory rules when functional integral is 
calculated over every variable independently []. 

This approach can be as well applied to string theory interacting with massive 
background fields which is not classically conformal invariant ||. One demands 
that operator of the energy-momentum vanish no matter whether the corresponding 
classical action is conformal invariant or not. As was shown in ||, [1(| it gives 
rise to effective equations of motion for massive background fields (See also [11, 



[T2|]). Unfortunately, in the case of closed string theory covariant approaches did not 
reproduce the full set of correct linear equations of motion for massive background 
fields. Namely, the tracelessness condition on massive tensor fields has been obtained 
neither in standard covariant perturbation approaches nor within the formalism 
of exact renormalization group . So there exists a problem of deriving the correct 
equations for massive background fields in framework of cr— model approach. 

Moreover, from general point of view the requirement of quantum conformal in- 
variance of string theory with massive background fields means that a non-gauge 
classical theory depending on a set of parameters is used for constructing of a quan- 
tum theory that is gauge invariant under some special values of the parameters. 
Such a situation occurs in string theory if interaction with massless dilaton, tachyon 
or any other massive field is turned on and it leads to a general problem in the 
theory of quantization. 

The most natural and consistent approach to construction of quantum models in 
modern theoretical physics is the procedure of canonical quantization. We consider 
this approach to be the only completely consistent method for constructing quantum 
theories and so every step of any quantization procedure should be justified by 

In string theory this independent integration would lead to appearance at the quantum level 
of an extra degree of freedom connected with two-dimensional gravity B . 
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an appropriate prescription within canonical formulation. So the general problem 
arising from string theories is how to describe in terms of canonical quantization 
construction of gauge invariant quantum theory starting with a classical theory 
without this invariance. 

The most general realization of this procedure ensuring unitarity at the quantum 
level and consistency of theory symmetries and dynamics is BFV method |5], || [7j]. 
Due to this method one should construct hamiltonian formulation of classical theory, 
find out all first class constraints and calculate algebra of their Poisson brackets. 
Then one defines fermionic functional Q generating algebra of gauge transformations 
and bosonic functional H containing information of theory dynamics. Quantum 
theory is consistent provided that the operator Cl is nilpotent and conserved in 
time. The corresponding analysis was carried out in [TB|, [TJ]] for free bosonic string 
and in |L5|, [L6| for bosonic string coupled to massless background fields. 

In the case of string theory interacting with massive background fields com- 
ponents of two-dimensional metric should be treated as external fields, otherwise 
classical equations of motion would be inconsistent. As a consequence, classical 
gauge symmetries are absent and it is impossible to construct classical gauge func- 
tional Q. In this paper we propose a prescription allowing for some models to 
construct quantum operator Cl starting with a classical theory without first class 
constraints. Quantum theory is gauge invariant if there exist values of theory pa- 
rameters providing nilpotency and conservation of operator Cl. Then to illustrate 
how the prescription works we apply it to the theory of closed bosonic string coupled 
to massive background fields and show that correct linear equations of motion are 
produced. 

Calculation of quantum gauge algebra for the string interacting with background 
fields is not trivial for two reasons. First of all, the ordering prescription usually used 
in free string theory when all the ambiguity reduces to two constants a(0), /3(0) [|(J 
is not enough in the case of string interacting with background fields. To deal with 
this issue we use a specific operators ordering with an ambiguity that was absent in 
the free string theory but is relevant in our case. Second, in presence of background 
fields quantum deformation of the conformal algebra contains divergencies which 
should be regularized in an appropriate way. In order to solve this problem we 
propose a kind of analytical regularization which depends on a single parameter and 
ensures finiteness of all contractions of the fundamental operators. 

The paper is organized as follows. In Sec. 2 we describe a general method 
of constructing a gauge invariant canonical quantum formulation for a non-gauge 
classical theory. Sec. 3 contains description of the theory of closed bosonic string 
coupled to background fields of tachyon and of the first massive level. We build 
hamiltonian formulation for the model and show that it can be studied using the 
general method of the previous section. Sec. 4 is devoted to calculation of conformal 
algebra. Conclusion contains summary and outlooks. 



2 



2 From a non-gauge classical theory to a gauge 
invariant quantum theory 

Consider a system described by a hamiltonian 

H = H (a) + \ a T a (a) (1) 

where H (a) = H (q,p,a), T a (a) = T a (q,p,a) and q, p are canonically conjugated 
dynamical variables; a = a,{ and A" are external parameters of the theory. 
We suppose that T a (a) are some functions of the form 

T a {a)=Tj?\a)+T£\a) (2) 

and closed algebra in terms of Poisson brackets is formed by T^(a), not by T a (a): 

{Tf\a),Tf\a)} = Tf (a)C/ a » 
{H (a),Ti°\a)} = rf(a)V?(a) (3) 

Such a situation may occur, for example, if T^(a) correspond to a free gauge 
invariant theory and T^\a) describe a perturbation spoiling gauge invariance. 

At the quantum level both the algebras of T^(a) and T a (a) are not closed in 
general case 

[T a (a),Tp(a)] = ih(T 7 (a)U^(a) + A a/3 (a)), 

[H (a),T a (a)} = ^(T»\/J(a) + A Q (a)), (4) 

and operators A a @, A a do not vanish in the limit H — > due to absence of classical 
gauge invariance. 

The main step of our approach consist in defining of the quantum operators fl 
and H as if the functions T a (a) were first class constraints: 



n = c a T a (a) - l -UZ p {a) :P^cP : 

H = H (a) + VJ(a):V lC a : (5) 

where : : stands for some ordering of ghost fields. Square of such an operator Q 
and its time derivative take the form 

n 2 = l -ih{A aP {a)+G a p{a)):c a cP : 

It = -m +[HM = 

= (^-AM-G^-l^W, (6) 



where G 0/3(0), G a (a) are possible quantum contributions of ghosts. 

It is natural to suppose that every operator of the theory can be decomposed in 
a linear combination of an irreducible set of independent operators Om(q,p)'- 

A aP (a) + G a/3 (a) = E^(a)0 M (q,p), 

^IM _ AM _ GM = E A J(a)0 M (q,p), (7) 

E^p(a), E^(a) being some c— valued functions of the parameters a. 
In general case Q 2 7^ and dfl/dt 7^ 0. However, if equations 



dUlp(a) 
dt 



= 0, <(a) = 0, — £^ = 0, (8) 



have some solutions a« = af then operator Vt is nilpotent and conserved for these 
specific values of parameters and hence the quantum theory is gauge invariant. Thus, 
there exists a possibility to construct quantum theory with given gauge invariance 
that is absent at the classical level. 

It is important that eqs.(P) are not anomaly cancellation conditions because 
an anomaly represents breaking of classical symmetries at the quantum level. In 
the theory under consideration classical symmetries are absent and eqs.([8]) express 
conditions of quantum symmetries existence. 

In specific models eqs.(§) may have no solutions at all or, conversely, be fulfilled 
identically. An example of the latter possibility was described in |[L7|. 



3 String in massive background fields 

As an example where the described procedure really works and leads to eqs.(^) with 
non-trivial solutions for parameters a we consider closed bosonic string theory cou- 
pled with background fields of tachyon and of the first massive level. We will restrict 
ourselves by linear approximation in background fields. It will be enough to estab- 
lish consistency of background fields dynamics with structure of the corresponding 
massive level in string spectrum. 

The theory is described by the classical action 

s = -i^J d2 ° V = g{\g ab d a x'*d b x v T illv + Q(x) 

+ g ab g cd d a X»d b X»d c X x d d X K F^ XK (X) 

+ g ab e cd d a X»d b X v d c X x d d X*Fl uXK (X) 

+ a'R {2) g ab d a X»d b X u Wl v (X) + a'R ( - 2) e ab d a X fM d b X u W 2 u (X) 

+ a ,2 R^R^C(X)}, (9) 

2 An adequate treatment of non-linear (interaction) terms is known to demand non-perturbative 
methods fll8fl . Our aim here is just to illustrate possibilities of the general prescription given in the 
previous section. 
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a a = (r, a) are coordinates on string world sheet, is scalar curvature of two- 
dimensional metric g ab , rj^ is Minkowski metric of D— dimensional spacetime, Q(X) 
is tachyonic field and F, W, C are background fields of the first massive level in string 
spectrum. As was shown in [|9] all other possible terms with four two-dimensional 
derivatives in classical action are not essential and string interacts with background 
fields of the first massive level only by means of the terms presented in @. 

If components of two-dimensional metric were considered as independent 
dynamical variables then the corresponding classical equations of motion would be 
fulfilled only for vanishing background fields: 



+ g ab g cd d a x^d b x v d c x x d d x K {-{l/a')Fl vXK + d^W^) 

+ g ab e cd d a x»d b x»d c x x d d x K (-(l/a')F 2 uXK + d,d u W 2 K ) 

+ g ah D 2 x ti d a x v d b x x d IJ Wl x + g ac g bd D a d b x»d c x u d d x x 4d x W^ 

+ g ac E M D a d b x»d c x^d d x x h(d,Wl x + d„W 2 x - d x W 2 u ) 

+ g ac e bd D a d b x»d c x^d d x x h{d v Wl x + d x wp 

+ g ac g bd D a d b x^D c d d x v 2W^ + g ac e bd D a d b x»D c d d x»2W 2 u 

+ g ab D a D 2 x^d b x u 2W^ u + e ab D a D 2 x^d b x u 2W 2 u + 

+ R^g ab d a x»d b x v 2{-Wl v + a'd,d u C) 

+ R (2) e ab d a x^d b x u (-2W 2 U ) + g ab d a x^d b R (2) 4:a'd^ C 

+ R^D 2 x^2a'd fl C + D 2 R^ 2a' C + R^R^{-a'C) = 0. (10) 



Analogous situation arises in the theory of string interacting with massless dilaton 
field ||15|| . Therefore to construct the theory with non-trivial massive background 
fields we have to consider the components g ab as external fields. Such a treatment 
corresponds to covariant methods where functional integral is calculated from the 
very beginning only over X M variables. 

After the standard parametrization of metric 



the hamiltonian in linear approximation in background fields takes the form 






(11) 




(12) 



where 




T (0) = l - (2na'P 2 + (l/2na)X' 2 ) , 
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T (1) = -L( (l/V)e 7 Q(X) + (l/a')e~ 7 {2t: a' fP"P v P x P K 



2vr 



2(2W) 2 P M P' y X ,A X" t + X'^X ,iy X ,A X' K ] F^JX) 



+ (2/Q')e- 7 [-(2TO7P"PW + 2WX^X^P a X' k Jf; i/Ak (X) 
+ R {2) [-(27ia') 2 P^P u + X'^X'"] W^(X) + A-na'R^P^X^W^X) 

+ a f e^R^R^C(X)y 

T x = t} 0) = P^X'v. (13) 

X ,fl = dX^/da, and P M are momenta canonically conjug ated to X*. T (0) and 
represent constraints of free string theory and form closed algebra in terms of 
Poisson brackets. A and Ai play the role of external fields and so T and 7\ cannot be 
considered as constraints of classical theory. In free string theory conditions Tq " 1 = 0, 
= result from conservation of canonical momenta conjugated to Ao and Ai. 
According to our prescription in string theory with massive background fields Ao 
and Ai can not be considered as dynamical variables, there are no corresponding 
momenta and conditions of their conservation do not appear. 

The role of parameters a in the theory under consideration is played by back- 
ground fields Q, F, W, C and conformal factor of two-dimensional metric j(r,a). 
The theory (|P2"D is of the type ([!]) with H Q = 0, structural constants of classical 
algebra being independent on time. It means that the condition of conservation for 
the operator Q ([]) will be satisfied if T does not depend on time explicitly, that is 

ggg^) = (14) 

or or 

To derive the first condition (Rp one has to construct quantum algebra of opera- 
tors T , Ti. 

4 Quantum guage algebra and effective equations 
of motion 

To carry out the calculation of the quantum algebra we first of all introduce the 
following notations for so called right and left moving Fubini fields 

Y ±IM = 2to'P" =f (15) 

and turn to the discrete set of operators: 

L n = [ 2n dae- m ^(T -T 1 ) = L^+K n , 
Jo 2 

L n = ' dae mal -(T + T l ) = L^ - AT_„. (16) 
jo 2 
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Here operators 

4°) = / dae*" -(T (0) - TD = / Are"*"*— r+'Y+'V, 

JO 2 JO S7TQ; 

4°) = ( 2 * dae m °\(T^ +T 1 (0) ) = da^-^—Y^Y^^ (17) 

JO 2 JO S7TQ; 



represent the set of constraints of the free string theory and form the well known 
quantum algebra 

(4°), Lg>] = ^(n-m)4°i m + ^n,- m (^n(n 2 -l) + 2«(0)n) ! 

[4°\4)] = a(n-m)Li°i m + ^ ni _ m ^n(n 2 -l) + 2/?(0)n 

= 0, ' (18) 

a(0), /3(0) are constants fixing the operators ordering ambiguity. 

The operators K n are contributions linear in background fields and have the form 

K n = J** dae~ m °{e<Q(X) + e^Y^Y^Y^Y^F^X) 

+ a'R {2) Y + »Y- v W^{X) + (a'fe^R {2) R {2) C{X)) (19) 
where we introduced the following notations: 

= -w£ + K>- ( 2 °) 

As periodic functions of a the canonical operators of string coordinates and 
momenta have standard Fourier expansions: 

1 Fa! 1 

X» = -=4(r)+W-^-(<(r)z" + <(r)^), z = e", 
v2tt V 2 n _^ n 

P" = - 7 ^PZ(T) + -^Y,(<(T)z n + <(r)z- n ) (21) 
v / 27T« / 27TV 2a' n _^ 

where operators of zero modes Xq, Pq and oscillating ones a^, a^ satisfy the following 
commutation relations (we have set h — 1 for the rest of the paper): 

K,PoA = iSZ, K, <] = [<, c£] = m5 m ,- n rT. (22) 

The most general ordering in terms of the operators Xq, pfi, a£, a% can be written 
down as 

Oio^ o y \ = (1 - r M o y + r M = a M a" - mr 11 (5 

l ^V u; m u; n/ V- 1 - ^m) ui m UL n ~ ^m ui n ui m u -m u -n nb ^ra u rn-n'{ j 

Oia/V cy u ) = (I - r p )ry^ o y + r p o v a M = a M o u - mr p S rf v 
(j\u. m m n ) yi. u m ju. m u. n t u m u. n u. m u. m u. n iiLu m u m ^- n ii , 

O(x$p v0 ) = (1 - <)i^ + c%p u0 x% = ^o^o - w#££. (23) 
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Here c^, c^, Cg are some constant parameters defining an ordering type and there 
are no summations over indices m and fi. 

As one can commute operators within the sign of ordering 

0«cO = 0(^ m <) (24) 

then there exist the following relation for parameters c^: 

and the analogous one for c^. It means that operators ordering is fixed up completely 
by choosing values for the infinite set of parameters c^, c^, Cq, m > 0. For example, 
the special case of Wick ordering (that is such an ordering when all the creation 
operators a n , a n , n < stand to the right of all the annihilating operators a n , a n , 
n > 0) is defined by the choosing = 9(n): 

: « := « - mB{m)5 m ^rr. (26) 
Contractions of fundamental operators have the form: 

u -m ui n u -m u 'n , ~ y \ Lt m Lt n) 1 1 Lu m u m,-ni / ; 



■_■ ^ ^ (27) 

In the case of free string theory the whole ordering ambiguity of constraints 
operators reduces to the choice of two parameters in the following way. Operators 
l4°), are quadratic in fundamental variables 

L n ] = ^ E a k®n-kVnv, = ^ £ ®k®n-kV»v (28) 

Z k Z k 

and their arbitrary ordering can be expressed through the Wick one as follows: 

i 00 1 00 D— 1 1 00 D— 1 

O(L^) = - £ :^<_ fe ^:-- £ £M n , c£ + - £ £ foS B>0 6>(*) 

fc=— 00 k=—oo /i=0 fc=— 00 /i=0 

= : 4°) : -a(0)<f n , o , 
O(^ 0) ) = : 4 0) = -)9(0)*„,o, (29) 

where parameters a(0) and /3(0) are defined as 

oo D-l oo D-l 

«(o) = EE*(c£-i), /?(o) = EEM^-i). (so) 

fe=l /i=0 fe=l m=0 

Any set of parameters c^, leading to the same values of cc(0) and /3(0) defines 
equivalent quantum free string theories. Parameters Cq do not enter the operators 
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at all and so a(0) and (3(0) are the only ordering parameters whose values 
are relevant in free string theory. 

In the case of string interacting with background fields the operators L n , L n are 
arbitrary functions of the operators Xq, and one has to take into account 

the whole infinite set of various parameters c^, c^, Cq . We will calculate the quantum 
algebra of operators L n , L n using ordering parameters of the following form 



dt - 1 



a(0) 



1-A) 2 A* _1 , k>0, |A| < 1, 



Co 



-i = ffl(i- 

D V 

1 



2*4-1 



A) 2 A 



k>0, |A| < 1, 



(31) 



where A, A are complex variables. This choice is not the most general one but it is 
suitable for our purposes because it both is consistent with the free string ordering 
prescription (|30D and by means of parameters A, A describes an ordering ambiguity 
which was not relevant in the free case but is sufficient for the string in background 
fields. 

In this class of ordering prescription the contractions of fundamental variables 
have the form 

X"( Zl )Y +v (z2) = 



ia'rT 



n>0 



22 



1XU n>0 L 



V z 2 



X»(z x )Y-»{z 2 ) 



i i 



n>0 



2-1 



n>0 



AD 



' Azi 



' Az 2 



Y + ^ Zl )Y + »(z 2 ) = 
i i 

n>0 VZ 2/ AJJ n>Q 

I I 

n>o W A -° n>0 

^(zijy-^^a) = 
i i 



A Zl \ n + (Az 2 



22 



22 



2l 



(32) 



All the contractions contain divergent series and represent generalized functions 
of their argument [z\ — z 2 ). Quantum contributions to the operator algebra contain 
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products of these contractions and so one should regularize them by introducing a 
parameter which would make the contractions well defined analytical functions. 

We introduce this parameter e (Re e > 0) in such a way that shifts arguments of 
divergent series into the region of their convergence: 



£1 

Z 2 



-Z\ 



£2 



-Z 2 



Z 2 Z\ Z\ 

Then all the contractions can be summed up to elementary analytical functions: 



X»{ Zl )Y +v {z 2 ) = 



1 1 



= ia'rT 



1 Z\e 
+ 



2 z 2 — Z\e~ e 
X»( Zl )Y-»(z 2 ) = 



+ tarj 



AD 



+ 



z 2 



1 1 



1 z x e e 
- + 



.2 z 2 — z\e e 
Y + »( Zl )Y + »(z 2 ) = 



,^/3(0)(l-A) 5 



AD 



z 2 — ziA z 2 — ziA 1 



z 2 - z±A z 2 - ziA 1 



(22 - zie e ) 2 

y-^Oy-"^) = 



= a 77 



(22 - ^ie e ) : 



+ 2«y t/ 



AD 



,„ W ^(0)(1-A) 5 



ziz 2 A _^ z 2 z x A 1 



(22 - ^A) 2 (z 2 - z^- 1 ) 



AD 



Z\Z 2 A z 2 z x A 1 



(z 2 - Zl A) 2 (z 2 - z^- 1 ) 



(33) 



Integrations in operators L n , L n go over the unit circle in complex plane of the 
variable z = e l ° ' . Our regularization scheme leads to disappearing of the singular 
point z 2 = z\ on the contour of integration and to appearing of additional singular 
points z 2 = z\e~ t , z 2 = zie e lying out of the contour. Therefore, all the integrals over 
z 2 can be done by means of calculating residues in internal poles z 2 = 0, z 2 = zie~ e , 
z 2 = z±A, z 2 = z±A. The regularization parameter e should be set equal to zero after 
doing all calculations. 

Now we are ready to calculate commutators [Lffl + K n ,L$ + K m ]. We are 
interested only in contributions linear in background fields and so can omit the 
commutator [K n , K m ] because each term in operators K n depends on background 
fields. Operators are quadratic and so commutators [K n , L$] contain quantum 
contributions only with products of two contractions. 

The general expression for these commutators can be constructed with the use 
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of Wick theorem for product of two operators A(T) and B(T) |T9|j : 



5 

5f f 5T$ 



0(A(Y))0(B(T)) = 0(exp(TfT^ 1TW )A(T 1 )B(T 2 ) 

(34) 



r 1= r 2 =r 



Set of canonical variables T in our case consists of the operators X^{r, z), Y +fJ- (r, z), 
K~ m (t, z). After decomposition of canonical contractions into the sum of symmet- 
rical and antisymmetrical parts 

pA/piv _ y m y n + y m T n 

commutator of two operators according to the Wick theorem takes form of the 
following expansion in powers of contractions: 

\Af>] = n-pM-pN $ A & B , , r Af ir Af ir Af 2F Af 2 ^ A ^ B , 

A srM srN I-^ s l i ^4 5r Wl 5r^ (jr^r^a " " (36) 

The first term reproduces classical contributions proportional to Poisson bracket of 
the corresponding classical variables. 

In our case the operator A = §(dz/iz)a(z) depends on all the canonical variables 
X^, Y +fl , and the operator B = §(dz/iz)b(z) depends only on Y +fl and so the 
contribution quadratic in contractions A^ 2 ^ in the commutator is 



A( 2 ) = f^L I^{2X^(z 1 )Y +u Uz 2 )X^(z 1 )Y +V2 (z 2 ) 
J izi J iz 2 I 



I 1 A I 1 S 

d 2 a d 2 b 
X dX^dXt* ^ Zl 'dY+^dY+^ ^ 
+ 2 (X^ ( Zl )Y+^ (z 2 )Y + ^ ( Zl )Y + ^ (z 2 ) + X^ ( Zl )Y+^ (z 2 )Y+^ ( Zl )Y +U2 (z 2/ 

l \a I 15 I 15 I ' A 

d 2 a d 2 b 
X dX^dY + ^ ^ Zl ' dY+^dY+v- 2 

l 1 A I 15 {oi) 

Substituting the operators K n , L$ for A, B in this formula and doing all inte- 
grations over z 2 with the use of regularized contractions we arrive at the following 
commutators: 

[L n , L m ] = (n - m)L n+m + 5 n - m (^n(n 2 - 1) + 2a(0)nj 



+ J** da e- i{n+m)a < 



[m — n) 
16n 



e^{d 2 + A/a')Q{X) 
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+ e -'Y + ^Y + "Y- x Y-%d 2 - 4/a')F^ XK (X) 

+ a'^Y^Y^d^W^X) + a' 2 e^R {2) R {2) (d 2 + A/a')C(X) 



+ 
+ 



i(m 2 — n 2 ) r 



2e^Y +u Y- x Y- K d>"F^ XK (X) + a'R^Y^d^W^X) 



8tt 

m — n + n 3 — m 3 a(0)(n — m 



+ 



Y- X Y- K F% XK (X) 



24tt ttD 
Analogous calculations give the other commutators: 

[L n , L m ] = (n- m)l n+m + 5 n _ m [^n(n 2 - 1) + 2/3(0)n 
+ /^e^W^^^Ud 2 +A/oT)Q(X) 

JO [ 107T 

+ e ^y+T + T- A y- K (9 2 - 4/a')^A K (X) 
+ a'^y+^y-^W^X) + a l2 e^R^R^(d 2 + A/a')C(X) 
i{m 2 — n 2 ) 



(38) 



+ 



+ 



8tt 



2e -7y+My+-y-^A F ^ A ^ x ^ + a ' R^y+^W^X) 



m — n + n 3 — m 3 /3 (0) (n — m 



24tt 



+ 



Jo 



7lD 

m — n 



o y 167r 

+v\r—\\r—K( a2 



Y + »Y + »F^ X X (X)\, 



e\8 2 + 4/a')Q{X) 



+ e -^Y^Y + "Y- x Y- K (d 2 - A/a')F, uXK (X) 
+ a'R {2) Y^Y-»d 2 W^(X) + a' 2 e~<R {2) R {2 \d 2 + 4/a/)C(X) 
n 2 + 4a(0)/D 



+ 



8tt 

m 2 + 4(3(0)/ D 



8tt 



2e^r + ^- A r- K ^F^ AK (X) + a'i^y-^W^X) 
2 e - 1 Y + »Y +v Y- K d x F txvXK {X) + a'i? (2) y + ^WV(X) 



n — n 



V 6 £> £> /4tt M ; 

- £;[(e 7 )'^) + (e-r)'Y + »Y + »Y- x Y- K F, u UX) 

+ a'( J R^)'y+' i y- ,/ W^(X) + a ,2 (e 7 J R (2) J R (2) ) / C(X) 



(39) 



As a result of calculations the parameters A, A disappear from the quantum algebra 
in this approximation. It means that any ordering with various A, A corresponds 
to the same quantum theories just as it is in the case of free string where the 
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only relevant ordering parameters are a(0) and (3(0). This is an effect of linear 
approximation and there should appear dependence on A, A at higher levels. The 
regularization parameter e has cancelled out of the commutators too that is the 
quantum algebra appeared in the form as if it were finite and did not require any 
regularization procedure. 

Eqs.(|39|) define the explicit form of the functions A a p (|J) in the theory under 
consideration. Ghost contributions G a p have the same structure as in free string 
theory |L3| and cancel the c— valued terms in (|39|) provided that D = 26 and a(0) = 



(3(0) = 1- 

One can see from ( |39"D that eqs.(||) in our case require 7'(r, a) = 0, R^'(t, a) = 0. 
Together with the condition ( |14|) it means that the operators L n , L n form conformal 
algebra only if 7 = const and so R( 2 \t,ct) = 0. This does not contradict the 
corresponding results of covariant approaches. If effective equations of motion for 
background fields are fulfilled the quantum effective action obtained by means of 
functional integration over does not depend on conformal factor 7. If we write 
the metric in the form g a t, = e 1 g ab then the effective action depends only on g ah . 
But two independent components of g ab are constrained by gauge fixing functions. 
Therefore all physical results (e.g. correlation functions of gauge invariant operators) 
will be the same for any world sheet including the flat one. So without any loss of 
generality one can choose 7 to be constant and this is the choice that is reproduced 
within our canonical formulation. 

It should be noted that our approach is not restricted by flat world sheets. 
Quantum theory can be formulated for any functions 7 but it is conformal invariant 
only for constant 7. 

If one chooses the conditions 7 = 0, = then the background fields W(X) 
and C(X) disappear from the classical action (|9]). Then to fulfill the eqs.(U) the only 
relevant background fields Q(X) and F(X) should obey the following equations: 

(d 2 + A/a')Q(X) = 0, (d 2 - A/a')F^ XK {X) = 0, (40) 

d^F^UX) = 0, 3 A iWX) = 0, (41) 
F^xk(X) = 0, F^\(X) = 0. (42) 
The eqs. (|40D are mass-shell conditions for background fields. Other equations show 



that first massive level is described by a tensor of fourth rank which is symmetrical 
and traceless in both pairs of indices and transversal in all indices. This exactly 



corresponds to the closed string spectrum [2y] and so our approach gives the full set 



of correct linear equations for massive background fields. 

5 Conclusion 

In our paper we proposed a general scheme allowing in certain cases to construct 
guage invariant quantum formulation starting with a classical theory without gauge 
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invariance. In usual quantization schemes classical first class constraints are declared 
operators and they should obey some quantum gauge algebra. Our prescription leads 
to more general scheme allowing to build the operator of canonical BRST charge Q 
generating quantum gauge transformations for a non-gauge classical theory. 

We applied the proposed prescription to the theory of closed bosonic string cou- 
pled to massive background fields of the first level which is not conformal invariant 
at the classical level and found conditions of its quantum conformal invariance in 
linear approximation. Within this approach we derived the full set of effective equa- 
tions of motion for massive background fields including the tracelessness conditions 



( [42] ) deriving of which in covariant approaches represents a problem || [12 . 

The obtained results show that our approach can be considered as a general 
method allowing to construct gauge invariant quantum theories starting from non- 
gauge classical models. In particular we hope that this method provides a possibility 
for deriving interacting effective equations of motion for massive and massless back- 
ground fields within the framework of canonical formulation of string models and 
provides a justification of covariant functional approach to string theory. 
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